Abstract. We study here semilinear elliptic indefinite-weight problems defined in R n , n > 3. We show that under some conditions, these problems have exactly one positive solution.
Introduction
The aim of the present paper is to prove the existence of one positive solution for a semilinear elliptic equation defined in R n , n > 3. In this research we examine the equation considered in the variational form and which minimize the energy associated with Equation ( I) (see [4] ). Many studies of these problems are treated in bounded domains with the weight function <7=1 ( [2] , [6] , [9] , ...). In [4] , the author studied Equation (I) with a positive weight in a bounded regular domain. We mention also the work of D.G. de Figueirdo [7] in the research of positive solutions of the equation -Au + qu = g(x, u) in a bounded domain.
We begin our work by formulating a Maximum principle for a perturbation of Schrodinger's operator and we give a necessary condition for the existence of the solution. In the end, we give a construction of this solution and we prove its uniqueness.
Notation
For given measurable function h, we denote by h± = max(±/i,0) the positive and negative paxt of h, i.e. h = h+ -h-.
We introduce the following functions in R n <T(A) : the spectrum of the operator A.
(1.5) Let UQ, U° be fixed elements from the space V.
(1.6) B R = {x e R" : \x\ < R}, B' R = W 1 -B R
Hypotheses
We suppose that (1.7) 3ci > 0, 3/3 > 1 : 0 < q(x) < c x p 0 {x) for a.e. x G R n .
(1.8) 3C 2 >0, 3a > 1 : |j(x)| < c 2 p a (x) for a.e. x G R n . (1.9) / is a Caratheodory function, i.e /(.,u) is measurable for all u G R, /(x,.) is continuous everywhere in R n .
(1.10) f(x, 0) > 0 for a.e. x € R".
is an increasing function in [0,+oo[ for a.e. x G R n .
R"
V is a Hilbert space (see Hanouzet [11] , pp, 230).
(1.4) Let A be a bounded operator defined in V. We denote ||i4||, = sup (Au,u) u€V (1.12) u » ^ is a strictly decreasing function in [0, +oo[ for a.e. IGK".
(1.13) The limit lim -= Ooo(x) u-»+oo u exists uniformly for x € R n .
(1.14) f(x,u) < aoo(x)u + ij)(x) for all u > 0 and a.e. x in R n .
(1.14-a) Ooo(x) < q{x) for a.e. in R n .
(1.14-b) Ooo 6 L" "(r). Pi T (1.14-c) 0 < i\> e L 2 _i(IR n ). Pi Recall some fundamental results which we can find in [8] . Under the hypotheses (1.7) and (1.8) the eigenvalue problem
|x|-»+oo has a double sequence of eigenvalues. These eigenvalues denoted by \f(q) are given by the Min-Max principles, i.e. It is shown that Af(q), the first positive eigenvalue of Problem (III), is principal ( i.e. has a positive eigenfunction). 
Proof. Consider Equation (2.1) in the weak formulation
Without loss of generality, we may suppose that |<?(x)| < pQ(x). Equation (2.2) can be written in the equivalent form
For fixed A > 0, we note by /¿i(A) the first positive eigenvalue of the problem
The condition A < A+ (q) implies that A < /II (A). Indeed, suppose that A > Mi (A)) we get from the Min-Max principle
By the variational characterization of A f(q) we obtain At(q) < Mi(A) < A < A +(?). This is impossible.
In the other hand, a\ is a continuous, symmetric and coercive bilinear form. Therefore, we can define a strictly positive self-adjoint operator A\ : V -> L 2 _ 1 (M") associated with a\, which is invertible. Let S\ be the inverse
The operator S\ conserves the positivity.
Pi
Indeed, let v € V be a positive function and w = S\v. Suppose that w changes sign, i.e. w -w+ -u>_. It is well known that Problem (3.2) has an infinite sequence of positive eigenvalues and that the first eigenvalue \f(q -a^) is principal. Let ip* be the eigenfunction associated with Xfiq -OQO)-By virtue of hypotheses (1.12) and (1.13), we have f(x,u) -a^u > 0. So u satisfies -Au + (q -aoo)u > Agu in R" this means that it is a supersolution of Problem (3.2) with /x = A.
We define the operator To : V -» V as follows
[-A + (q-a oo ) + \g-]T 0 z = \g+z, VzeV
To is a monotone, compact linear operator and we show easily that To 
Existence and uniqueness of positive solution
Our aim is to prove that Problem (I) admits an unique positive solution using the above method based on monotone iterations in ordered Banach spaces. Proof. We are going to construct a bounded set and an operator T so that the fixed point of T is exactly the positive solution of Problem (I).
Construction of a couple of sub and supersolutions
It is clear that uo = 0 is a subsolution of Equation (I) from the hypothesis (1.10). For A > 0 satisfying the condition (3.1), we consider u° the unique solution of the equation
where ip is from (1.14) Applying the Maximum Principle (Theorem 2.1) to Equation (4.1) we deduce that u° is positive in R n .
By virtue of the hypothesis (1.14) we have
which implies that u° is a supersolution of (I).
Construction of the operator T
For fixed A > 0 satisfying the condition (3.1) and for u € V, there exists an unique w 6 V solution of the equation Hence, there exists a subsequence, denoted again by (UN)N, which converges strongly in L 2 (BR) and as the operator of Nemytskii is continuous from L 2 (BR) into L 2 (BR) (see [14] ), the integral over BR tends to zero when n, M tend to infinity. Now we estimate the integral over B' R . For all u 6 V we have 
B' R
From hypotheses (1.14-b), (1.14-c) and the boundness of (u") n we deduce that the second integral on the right-hand side of the inequality (4.3) tends to zero when R tends to infinity. So, F is compact and consequently T is compact. The monotonicity of the operator T Let ui, U2 be such that tto < u\ < u 2 < u° a.e. in R n .
(-A + q + \g-)Tm = Ag+m + f{x, m) i = 1, 2.
By subtracting member to member the equality obtained for i=l from the equality obtained for i=2, we get
From the hypothesis (1.11), the right-hand side of this last equation is positive. Since Ai"(g) > Xfiq -a^),applying the Maximum Principle to Equation (4.4) we conclude that Tu 2 -Tu\ > 0.
T[uo,u°] C [u 0 ,u°]
First we show that UO < TUQ. We have 
